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Question 1 (6 points)

Consider a parallel-plate capacitor immersed in sea water and driven by a voltage

V = Vycos(2mvt). Sea water has permittivity € = 81¢,, permeability u = ,, and resistivity
p = 0.23 Q- m at the driving frequency v =4 - 108Hz.

What is the ratio (provide a value!) of the amplitudes of conduction current to displacement
current?



Answer to Question 1 (Griffiths, Problem 7.40) (6 points)

Conduction current J. = oF = %E == pidVocos(vat)

Displacement current:

_6_D_i _ i Vocos(2mvt) _€ s
Ja=75,= 6t(6E) =€ [—d ] = dvaVo( sin(2mvt))

. . . Ac Vo d 1 _
Ratio of their amplitudes: =¢ = *——— = = (2mvep)~?!
Ag pd 2mveV, 2mvep

1 - ! =24

2mvep  2m 4-108 -81-8.85:10-12.0.23

(2 points)

(2 points)

(1 point)

(1 point)



Question 2 (16 points)
An ideal linear isotropic conductor with conductivity o occupies the space z > 0.

A. Write Maxwell’s equations and Ohm’s law that govern the electromagnetic field inside
the conductor. Consider p; = 0 inside the conductor. (2 points)

. - . 9E 92E e
B. Derive a modified wave equation V2E = po -+ ue—— for the electromagnetic field

inside the conductor (Hint: use the very same approach as you did in the lecture, i.e. apply
the curl operator to the respective Maxwell’s equation) (4 points)

C. Using a trial plane-wave solution E(z,t) = Eoei(f‘z“"t), find both the real Re[E] and
imaginary Im[fc] parts of the now-complex wavenumber k= Re[fc] + ilm[l}]. (Hint: use

the approximation of an ideal conductor o/ew > 1 and the relation Vi = (1 +i)/v/2). (6
points)

D. Find the distance d it takes to reduce the amplitude of the electric field by a factor of 1/e
upon the propagation in the conductor (the so-called skin depth). Express this distance in
terms of the wavelength A in the conductor. (4 points)



Answer to question 2 (Problem 9.20b from Griffiths and p.413) 16 points

A. (2 points)

0B
V-E=0 VXE=-——

Jt
V-B=0 VXB=y+ ,ue% (from the formula sheet, 1 point)
] = oE (from the formula sheet, 1 point)
B. (4 points)

oB d OE OE d%E .
VX(VXE)——VXE——a(uaE+yeE)——uaE—ueﬁ (2 points)
V x (VxE) =V(V-E) — V2E = —V2E (1 point)
2

The wave equation: V?E = ,ucr% + ,ueng (1 point)
C. (6 points)
—k2E ei(kz=ot) = _jpuoEyei(kz=0t) — yew?E e ilkz-wt) (2 points)
k? = iuow + pew? = iuocw (1 - l%) = juow (2 points)
k = .\[ipow = /%(1 + i)
k= Re[E] + ilm[E]; Re[E] = /%, Im[E] = % (2 points)
D. (4 points)
E(z t) = Eje Imlklzgi(Relk]z-wt) (1 point)
ie.d = 1/1m[E] =./2/(uow) (1 points)
As before, 1 = ZH/Re[E]; (1 point)

(Re[%] = Im[])

ie.A=2nd;d =1/2n (1 point)



Question 3 (13 points)

Consider a rectangular box of length /, width w, and
height h, situated a distance d above the yz plane
(Figure).

The scalar and vector potentials are given as follows:

V=0

<—&—>l<=~>i

k
A= %(ct — |xD?Z, for |x| < ct

0, for |x| > ct s

where kis a constant, c = 1/,/uy€, (as usual), and u = gy, € = €, everywhere.

A. Find the electric field. (2 points)

B. Find the magnetic field. (5 points)

C. Find the energy W (t,) in the box attime t; = d/c. (1 point)

D. Find the energy W (t,) in the box at time t, = (d + h)/c. (5 points)

Ny



Answer to Question 3 (Griffiths Example 10.1 and Problem 10.2) 13 points

A. (2 points)
aA dA
E=-VW->=-2"
_ Kok PN
= _T(Ct —|x|) Z for|x| <ct

E=0,for|x|>ct

B. (5 points)
B=VXxA
X y y/
_ Mok |0 0 9 _ Mok d N2
T 4c lox oz 0z - 4c 6x(Ct |X|) y
0 0 (ct—|x])?

+%(Ct— |x|) ¥, forx>0

_ Hok
2c

B=0,for|x|>ct

,for |x| < ct
(ct—|x|) §,forx<0

Note: no point subtracted if the sign in the front is not + but only +

C. (1 point)

W = 1 / <60E2 + i32> dr
2 o

At ty =d/e, > d=cty, so E=0, B=0, and hence | W(t;) = 0.

D. (5 points)
At Ty = (d+ h)/ec, ctg =d+ h:

ok 1 pok L o
_l—lg (d+h—-x)z. B= —/lg (d+h—2x)y, so B2 = %Ez. and
c C

V4 V4

E =

<€0E2 + i132> =€ (EQ + —1 LQEQ) = 2€0E2

1o [Lo€Q €
2).2 (d+h) 27:2] oy 3
f(4) — L9 ok £2 g Copgktlw | (d+h—x)
W(tz) = 5(2e0)= / (d+h—a)* da (lw) = == _ ;
d

d+h
:| d

(1 point)

(1 point)

(1 point)

(2 points)

(2 points)

copdk2lwh?
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Question 4 (13 points)

A. Calculate the total power radiated by an oscillating electric dipole. (Tip: you might find

useful the surface element da = r2sinf d6 d¢ and the following integral [ sin0 df =

cos30

— cos0) (3 points)

B. Find the “radiation resistance” R,.,4 of the wire joining the two ends of the radiative
dipole. This is the resistance that would give the same average power loss-to-heat as the
oscillating dipole in fact puts out in the form of radiation. (Tip: use Joule’s law and the
energy conservation law) (5 points)

C. Express your result in the size of the dipole d and the emitted wavelength A; re-calculate
all constants into a single number. (3 points)

D. For the wires in an ordinary radio (say, d = 1 cm and A = 1 m), calculate and compare
the values of the radiative resistance R, ,4 and the total resistance R. For the latter,
consider a copper (resistivity p = 2 1078 (0 m) wire of diameter D = 1 mm (2 points)



Answer to Question 4 (Griffiths, p.471 and Problem 11.3) 13 points

A. (3 points)
(S) = Hopg o’ (Sin29> Iy (from formula sheet)
32m2c r2

The total power radiated: (P) = [(S)- da = ”sf’zp"zw fsm *0 125ing dfde (1 point)
= KB (21 ¢y [ sin?6 df = LT o (<250 — coso)| ks = L8895 point)

32m2c ¢ 32m2c 3 0 16mc 3 121 P
B. (5 points)

= % = —qowsin(wt) (1 point)
P =I?R = qiw?sin?(wt)R (1 point)
Averaged power (P) = %qngR (1 point)
1 d?q2w*
_qngR _ Hod™ (g
2 127mc

uod?w? .

R 67C (2 points)

(3 points)
w =22 (1 point)

2
pod24m2c? 2 A\ 2 B d\* _ d\>
Rrad = W = §TI,',LLOC (I) = §T[ (47‘[ X 10 7)(3 X 108) (E) = 790 (I) [.Q.]
(2 points)
D. (2 points)
0.01 o _ _g 001 4

Ryaa = 790 (“3 ) = 0.0790;R = p i = 21078 825 =25107 0
R is negligible compared to R, ;. (2 points)
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Question 5 (14 points)

Albert Einstein wondered at age 16 what the fields E and B are if you would travel together
with the plain electromagnetic wave. He deduced it at age 26 when he applied the Lorentz
transformation to the electromagnetic field. Following Einstein, find the electromagnetic
field if you travel along the electromagnetic wave.

A. Write down the electric and magnetic fields of a sinusoidal electromagnetic plane wave
of angular frequency w, amplitude E, and phase § = 0, and polarized into the y-direction,
which is travelling into the x-direction through the vacuum. (2 points)

B. The same wave is observed from an inertial frame S, moving with the speed v in the x-
direction. Find all (i.e. x, y, z) components the electric and magnetic fields in S using the

following substitution ¢ = y (1 — E) (6 points)
C. What is the ratio of the intensity / in S to the intensity I in $? (3 points)

D. Now v approaches c. What are the amplitudes and intensity of the electromagnetic
wave? (Tip: be careful as when v — ¢,y = oo so that first express a via v and c) (3 points)

11



Answers to question 5 (Problem 12.48) 14 points

A. (2 points) '
E(x, t) = Ejeitkx-wyg (1 points)
B(x,t) = %Eoei(""“"t)i (1 points)
Wrong polarization in either field results in -1/2 point
Wrong scaling in the magnetic field results in -1/2 point
Ii. (6 points) ~
E,=E,=0;E,=y(E,+vB,) =0 (1 point)
B, =B, =0; B, = y(By + C%EZ) =0 (1 point)
E, =y(E, —vB,) = vE, (1 - E) ellix-wt) = gF eilkx—wb) (2 points)
where a = y(l —E)
j— 1 . _ . _ .
B,=y (BZ — C%Ey) = yE, (Z - :—2) ellkx—wt) — %Eoe‘(kx wt) (2 points)
C. (3 points)
I = %ceoEg; [ = %ceoﬁg (from formula sheet, 1 point)
I_E _ 2 _ (1-3) :
I B2 a” = (1%) (2 points)
D. (3 points)
1-2 1-2 AR
R (- B (= B
c (1 —v2/c2)1/2 m 1/2 m\ 1/2 \1/2
) _(1—2) (1+2) (1+9)
Asa » Owith v—>c,Ey=0and =0 (3 points)

Maxim S. Pchenitchnikov Steven Hoekstra
12 June 2018 12 June 2018
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