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Question 1 (6 points) 

Consider a parallel-plate capacitor immersed in sea water and driven by a voltage 
𝑉 = 𝑉0𝑐𝑜𝑠(2𝜋νt). Sea water has permittivity 𝜖 = 81𝜖0, permeability 𝜇 = 𝜇0, and resistivity 
𝜌 = 0.23 Ω ∙ 𝑚 at the driving frequency ν = 4 ∙ 108𝐻𝑧. 
What is the ratio (provide a value!) of the amplitudes of conduction current to displacement 
current?  
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Answer to Question 1 (Griffiths, Problem 7.40) (6 points) 

 
Conduction current 𝐽𝑐 = 𝜎𝐸 = 1

𝜌
𝐸 = 1

𝜌
𝑉
𝑑

= 1
𝜌𝑑

𝑉0𝑐𝑜𝑠(2𝜋νt)   (2 points) 

Displacement current: 
 𝐽𝑑 = 𝜕𝐷

𝜕𝑡
= 𝜕

𝜕𝑡
(𝜖𝐸) = 𝜖 𝜕

𝜕𝑡
[𝑉0𝑐𝑜𝑠(2𝜋νt)

𝑑
] = 𝜖

𝑑
2𝜋ν𝑉0(−𝑠𝑖𝑛(2𝜋νt))   (2 points) 

 
Ratio of their amplitudes: 𝐴𝑐

𝐴𝑑
= 𝑉0

𝜌𝑑
𝑑

2𝜋ν𝜖𝑉0
= 1

2𝜋ν𝜖𝜌
= (2𝜋ν𝜖𝜌)−1   (1 point) 

 
1

2𝜋ν𝜖𝜌
= 1

2𝜋 4∙108 ∙81 ∙8.85∙10−12 ∙0.23
= 2.4      (1 point) 
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Question 2 (16 points) 

An ideal linear isotropic conductor with conductivity 𝜎 occupies the space 𝑧 > 0.  

A. Write Maxwell’s equations and Ohm’s law that govern the electromagnetic field inside 
the conductor. Consider 𝜌𝑓 = 0 inside the conductor. (2 points) 

B. Derive a modified wave equation ∇2𝐄 = 𝜇𝜎 𝜕𝐄
𝜕𝑡

+ 𝜇𝜖 𝜕2𝑬
𝜕𝑡2  for the electromagnetic field 

inside the conductor (Hint: use the very same approach as you did in the lecture, i.e. apply 
the curl operator to the respective Maxwell’s equation) (4 points) 

C. Using a trial plane-wave solution 𝐄̃(𝑧, 𝑡) = 𝐄̃0𝑒𝑖(𝑘̃𝑧−𝜔𝑡), find both the real 𝑅𝑒[𝑘̃] and 
imaginary 𝐼𝑚[𝑘̃] parts of the now-complex wavenumber 𝑘̃ = 𝑅𝑒[𝑘̃] + 𝑖𝐼𝑚[𝑘̃]. (Hint: use 
the approximation of an ideal conductor 𝜎 𝜖𝜔⁄ ≫ 1 and the relation √𝑖 = (1 + 𝑖) √2⁄ ). (6 
points) 

D. Find the distance 𝑑 it takes to reduce the amplitude of the electric field by a factor of 1 𝑒⁄  
upon the propagation in the conductor (the so-called skin depth). Express this distance in 
terms of the wavelength 𝜆 in the conductor. (4 points) 
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Answer to question 2 (Problem 9.20b from Griffiths and p.413) 16 points 

A. (2 points) 

𝛁 ∙ 𝐄 = 0      𝛁 × 𝐄 = −
𝜕𝐁
𝜕𝑡  

𝛁 ∙ 𝐁 = 0      𝛁 × 𝐁 = 𝜇𝐉 + 𝜇𝜖 𝜕𝐄
𝜕𝑡

   (from the formula sheet, 1 point) 

𝐉 =  𝜎𝐄      (from the formula sheet, 1 point) 

 

B. (4 points) 

 𝛁 × (𝛁 × 𝐄) = −𝛁 × 𝜕𝐁
𝜕𝑡

= − 𝜕
𝜕𝑡

(𝜇𝜎𝐄 + 𝜇𝜖 𝜕𝐄
𝜕𝑡

) = −𝜇𝜎 𝜕𝐄
𝜕𝑡

− 𝜇𝜖 𝜕2𝑬
𝜕𝑡2   (2 points) 

𝛁 × (𝛁 × 𝐄) = 𝛁(𝛁 ∙ 𝐄) − ∇2𝐄 = −∇2𝐄      (1 point) 

The wave equation: ∇2𝐄 = 𝜇𝜎 𝜕𝐄
𝜕𝑡

+ 𝜇𝜖 𝜕2𝑬
𝜕𝑡2       (1 point) 

 

C. (6 points) 

 −𝑘̃2𝐄̃0𝑒𝑖(𝑘̃𝑧−𝜔𝑡) =  −𝑖𝜔𝜇𝜎𝐄̃0𝑒𝑖(𝑘̃𝑧−𝜔𝑡) − 𝜇𝜖𝜔2𝐄̃0𝑒𝑖(𝑘̃𝑧−𝜔𝑡)   (2 points) 

𝑘̃2 =  𝑖𝜇𝜎𝜔 + 𝜇𝜖𝜔2 = 𝑖𝜇𝜎𝜔 (1 − 𝑖 𝜖𝜔
𝜎

) ≅ 𝑖𝜇𝜎𝜔     (2 points) 

𝑘̃ = √𝑖𝜇𝜎𝜔 = √𝜇𝜎𝜔
2

(1 + 𝑖)  

𝑘̃ = 𝑅𝑒[𝑘̃] + 𝑖𝐼𝑚[𝑘̃];   𝑅𝑒[𝑘̃] = √𝜇𝜎𝜔
2

;  𝐼𝑚[𝑘̃] = √𝜇𝜎𝜔
2

    (2 points) 

 

D. (4 points) 

𝐄̃(𝑧, 𝑡) = 𝐄̃0𝑒−𝐼𝑚[𝑘̃]𝑧𝑒𝑖(𝑅𝑒[𝑘̃]𝑧−𝜔𝑡),        (1 point) 

i.e. 𝑑 = 1 𝐼𝑚[𝑘̃]⁄ = √2 (𝜇𝜎𝜔)⁄         (1 points) 

As before, 𝜆 = 2𝜋 𝑅𝑒[𝑘̃]⁄ ;          (1 point) 

(𝑅𝑒[𝑘̃] = 𝐼𝑚[𝑘̃]) 

i.e. 𝜆 = 2𝜋𝑑; 𝑑 = 𝜆 2𝜋⁄          (1 point) 
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Question 3 (13 points)  
 

Consider a rectangular box of length l, width w, and 
height h, situated a distance d above the yz plane 
(Figure). 

The scalar and vector potentials are given as follows: 

𝑉 = 0  

𝐀 = {
𝜇0𝑘
4𝑐

(𝑐𝑡 − |𝑥|)2𝐳̂, 𝑓𝑜𝑟 |𝑥| < 𝑐𝑡 

𝟎,                            𝑓𝑜𝑟 |𝑥| > 𝑐𝑡
 

where k is a constant, 𝑐 = 1 √𝜇0𝜖0⁄  (as usual), and 𝜇 = 𝜇0, 𝜖 = 𝜖0 everywhere. 

 

A. Find the electric field. (2 points) 

B. Find the magnetic field. (5 points) 

C. Find the energy 𝑊(𝑡1) in the box at time 𝑡1  =  𝑑/𝑐. (1 point) 

D. Find the energy 𝑊(𝑡2) in the box at time 𝑡2  =  (𝑑 + ℎ)/𝑐. (5 points) 
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Answer to Question 3 (Griffiths Example 10.1 and Problem 10.2) 13 points 

 

A. (2 points) 

𝐄 = −∇𝑉 − 𝜕𝐀
𝜕𝑡

= − 𝜕𝐀
𝜕𝑡

        (1 point) 

= − 𝜇0𝑘
2

(𝑐𝑡 − |𝑥|) 𝐳̂, 𝑓𝑜𝑟 |𝑥| < 𝑐𝑡       (1 point) 

𝐄 = 0, 𝑓𝑜𝑟 |𝑥| > 𝑐𝑡 

 

B. (5 points) 

 𝐁 = 𝛁 × 𝐀          (1 point) 

= 𝜇0𝑘
4𝑐

|
𝐱̂ 𝐲̂ 𝐳̂
𝜕

𝜕𝑥
𝜕

𝜕𝑧
𝜕

𝜕𝑧
0 0 (𝑐𝑡 − |𝑥|)2

| = − 𝜇0𝑘
4𝑐

𝜕
𝜕𝑥

(𝑐𝑡 − |𝑥|)2 𝐲̂    (2 points) 

= {
+ 𝜇0𝑘

2𝑐
(𝑐𝑡 − |𝑥|) 𝐲̂, 𝑓𝑜𝑟 𝑥 > 0

− 𝜇0𝑘
2𝑐

(𝑐𝑡 − |𝑥|) 𝐲̂, 𝑓𝑜𝑟 𝑥 < 0
, 𝑓𝑜𝑟 |𝑥| < 𝑐𝑡     (2 points) 

𝐁 = 0, 𝑓𝑜𝑟 |𝑥| > 𝑐𝑡 

Note: no point subtracted if the sign in the front is not ± but only + 

 

C. (1 point) 

 

 
 

D. (5 points) 
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Question 4 (13 points) 

A. Calculate the total power radiated by an oscillating electric dipole. (Tip: you might find 
useful the surface element 𝑑𝑎 = 𝑟2𝑠𝑖𝑛𝜃 𝑑𝜃 𝑑𝜑 and the following integral ∫ 𝑠𝑖𝑛3𝜃 𝑑𝜃 =
𝑐𝑜𝑠3𝜃

3
− 𝑐𝑜𝑠𝜃)  (3 points) 

B. Find the “radiation resistance” 𝑅𝑟𝑎𝑑 of the wire joining the two ends of the radiative 
dipole. This is the resistance that would give the same average power loss-to-heat as the 
oscillating dipole in fact puts out in the form of radiation. (Tip: use Joule’s law and the 
energy conservation law) (5 points) 

C. Express your result in the size of the dipole 𝑑 and the emitted wavelength 𝜆; re-calculate 
all constants into a single number. (3 points) 
 
D. For the wires in an ordinary radio (say, 𝑑 = 1 𝑐𝑚 and 𝜆 = 1 𝑚), calculate and compare 
the values of the radiative resistance 𝑅𝑟𝑎𝑑 and the total resistance 𝑅. For the latter, 
consider a copper (resistivity 𝜌 = 2 10−8 Ω 𝑚) wire of diameter 𝐷 = 1 𝑚𝑚 (2 points) 
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Answer to Question 4 (Griffiths, p.471 and Problem 11.3) 13 points 

A. (3 points) 

 ⟨S⟩ = 𝜇0𝑝0
2𝜔4

32𝜋2𝑐
(𝑠𝑖𝑛2𝜃

𝑟2 ) r̂        (from formula sheet) 

The total power radiated: ⟨𝑃⟩ = ∫⟨𝐒⟩ ∙ 𝑑𝐚 = 𝜇0𝑝0
2𝜔4

32𝜋2𝑐 ∫ 𝑠𝑖𝑛2𝜃
𝑟2 𝑟2𝑠𝑖𝑛𝜃 𝑑𝜃𝑑𝜑  (1 point) 

= 𝜇0𝑝0
2𝜔4

32𝜋2𝑐 ∫ 𝑑𝜑2𝜋
0 ∫ 𝑠𝑖𝑛3𝜃 𝑑𝜃𝜋

0 = 𝜇0𝑝0
2𝜔4

32𝜋2𝑐
2𝜋 (𝑐𝑜𝑠3𝜃

3
− 𝑐𝑜𝑠𝜃)|

𝜋

0
= 𝜇0𝑝0

2𝜔4

16𝜋𝑐
4
3

= 𝜇0𝑝0
2𝜔4

12𝜋𝑐
(2 point) 

B. (5 points) 

 𝐼 = 𝑑𝑞
𝑑𝑡

= −𝑞0𝜔𝑠𝑖𝑛(𝜔𝑡)        (1 point) 

𝑃 = 𝐼2𝑅 = 𝑞0
2𝜔2𝑠𝑖𝑛2(𝜔𝑡)𝑅        (1 point) 

Averaged power 〈𝑃〉 = 1
2

𝑞0
2𝜔2𝑅       (1 point) 

1
2 𝑞0

2𝜔2𝑅 =
𝜇0𝑑2𝑞0

2𝜔4

12𝜋𝑐  

𝑅 = 𝜇0𝑑2𝜔2

6𝜋𝑐
          (2 points) 

C. (3 points) 

 𝜔 = 2𝜋𝑐
𝜆

          (1 point) 

𝑅𝑟𝑎𝑑 =
𝜇0𝑑24𝜋2𝑐2

6𝜋𝑐𝜆2 =
2
3 𝜋𝜇0𝑐 (

𝑑
𝜆)

2

=
2
3 𝜋 (4𝜋 × 10−7)(3 × 108) (

𝑑
𝜆)

2

≅ 790 (
𝑑
𝜆)

2

[Ω]  

           (2 points) 

D. (2 points) 

𝑅𝑟𝑎𝑑 = 790 (0.01
1

)
2

= 0.079 Ω; 𝑅 = 𝜌 𝑑
(𝜋𝐷2 4⁄ )

= 2 10−8  0.01
(𝜋10−6 4⁄ )

= 2.5 10−4 Ω 

𝑅 is negligible compared to 𝑅𝑟𝑎𝑑.       (2 points) 
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Question 5 (14 points) 
Albert Einstein wondered at age 16 what the fields E and B are if you would travel together 
with the plain electromagnetic wave. He deduced it at age 26 when he applied the Lorentz 
transformation to the electromagnetic field.  Following Einstein, find the electromagnetic 
field if you travel along the electromagnetic wave. 
 
A. Write down the electric and magnetic fields of a sinusoidal electromagnetic plane wave 
of angular frequency 𝜔, amplitude 𝐸0 and phase 𝛿 = 0, and polarized into the 𝑦-direction, 
which is travelling into the 𝑥-direction through the vacuum. (2 points) 

B. The same wave is observed from an inertial frame 𝒮̅, moving with the speed 𝑣 in the 𝑥-
direction. Find all (i.e. 𝑥, 𝑦, 𝑧) components the electric and magnetic fields in 𝒮̅ using the 

following substitution 𝛼 ≡ 𝛾 (1 − 𝑣
𝑐
)  (6 points) 

C. What is the ratio of the intensity 𝐼  ̅in 𝒮̅ to the intensity 𝐼 in 𝒮? (3 points) 

D. Now 𝑣 approaches 𝑐. What are the amplitudes and intensity of the electromagnetic 
wave? (Tip: be careful as when 𝑣 → 𝑐, 𝛾 → ∞ so that first express 𝛼 via 𝑣 and 𝑐) (3 points) 
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Answers to question 5 (Problem 12.48) 14 points 
 
A. (2 points) 
𝐄(𝑥, 𝑡) = 𝐸0𝑒𝑖(𝑘𝑥−𝜔𝑡)𝐲̂         (1 points) 
𝐁(𝑥, 𝑡) = 1

𝑐
𝐸0𝑒𝑖(𝑘𝑥−𝜔𝑡)𝐳̂         (1 points) 

    Wrong polarization in either field results in -1/2 point 
Wrong scaling in the magnetic field results in -1/2 point 

 
B. (6 points) 
𝐸̅𝑥 = 𝐸𝑥 = 0; 𝐸̅𝑧 = 𝛾(𝐸𝑧 + 𝑣𝐵𝑦) = 0       (1 point) 

𝐵̅𝑥 = 𝐵𝑥 = 0;  𝐵̅𝑦 = 𝛾 (𝐵𝑦 + 𝑣
𝑐2 𝐸𝑧) = 0         (1 point) 

𝐸̅𝑦 = 𝛾(𝐸𝑦 − 𝑣𝐵𝑧) = 𝛾𝐸0 (1 − 𝑣
𝑐
) 𝑒𝑖(𝑘𝑥−𝜔𝑡) = 𝛼𝐸0𝑒𝑖(𝑘𝑥−𝜔𝑡)    (2 points) 

where 𝛼 = 𝛾 (1 − 𝑣
𝑐
) 

𝐵̅𝑧 = 𝛾 (𝐵𝑧 − 𝑣
𝑐2 𝐸𝑦) = 𝛾𝐸0 (1

𝑐
− 𝑣

𝑐2) 𝑒𝑖(𝑘𝑥−𝜔𝑡) = 𝛼
𝑐

𝐸0𝑒𝑖(𝑘𝑥−𝜔𝑡)    (2 points) 
 
C. (3 points) 
 𝐼 = 1

2
𝑐𝜖0𝐸0

2; 𝐼 ̅ = 1
2

𝑐𝜖0𝐸̅0
2          (from formula sheet, 1 point) 

 𝐼
̅

𝐼
= 𝐸0

2

𝐸0
2 = 𝛼2 =

(1−𝑣
𝑐)

(1+𝑣
𝑐)

       (2 points) 

 
D. (3 points) 

𝛼 = 𝛾 (1 −
𝑣
𝑐) =

(1 − 𝑣
𝑐)

(1 − 𝑣2/𝑐2)1/2 =
(1 − 𝑣

𝑐)

(1 − 𝑣
𝑐)

1/2
(1 + 𝑣

𝑐)
1/2 =

(1 − 𝑣
𝑐)

1/2

(1 + 𝑣
𝑐)

1/2 

As 𝛼 → 0 with  𝑣 → 𝑐, 𝐸̅0 = 0 and 𝐼 ̅ = 0       (3 points) 
 

 
___________________________________________________________________________ 
Maxim S. Pchenitchnikov       Steven Hoekstra 

 
12 June 2018       12 June 2018 
 


